The competition graph of a digraph D is a (simple undirected) graph which has the same vertex set as D and has an edge between x and y if and only if there exists a vertex v in D such that (x, v) and (y, v) are arcs of D. For any graph G, G together with sufficiently many isolated vertices is the competition graph of some acyclic digraph. The competition number k(G) of G is the smallest number of such isolated vertices. In general, it is hard to compute the competition number k(G) for a graph G and it has been one of important research problems in the study of competition graphs to characterize a graph by its competition number. Recently, the relationship between the competition number and the number of holes of a graph is being studied. A hole of a graph is a cycle of length at least 4 as an induced subgraph. In this paper, we conjecture that the dimension of the hole space of a graph is no smaller than the competition number of the graph. We verify this conjecture for various kinds of graphs and show that our conjectured inequality is indeed an equality for connected triangle-free graphs.
Introduction
Suppose D is an acyclic digraph. The competition graph of D, denoted by C(D), is the (simple undirected) graph which has the same vertex set as D and has an edge between two distinct vertices x and y if and only if there exists a vertex v in D such that (x, v) and (y, v) are arcs of D. For any graph G, G together with sufficiently many isolated vertices is the competition graph of an acyclic digraph. From this observation, Roberts [17] defined the competition number k(G) of a graph G to be the smallest number k such that G together with k isolated vertices is the competition graph of an acyclic digraph.
The notion of competition graph was introduced by Cohen [2] as a means of determining the smallest dimension of ecological phase space. Since then, various variations have been defined and studied by many authors (see [5, 14] for surveys). Besides an application to ecology, the concept of competition graph can be applied to a variety of fields, as summarized in [16] .
Roberts [17] observed that characterization of competition graph is equivalent to computation of competition number. It does not seem to be easy in general to compute k(G) for a given graph G, as Opsut [15] showed that the computation of the competition number of a graph is an NP-hard problem (see [5, 9] for graphs whose competition numbers are known). It has been one of important research problems in the study of competition graphs to characterize a graph by its competition number. From this point of view, Cho and Kim [1] and Kim [6] studied the relationship between the competition number and the number of holes of a graph. A cycle of length at least 4 of a graph as an induced subgraph is called a hole of the graph and a graph without holes is called a chordal graph. For a graph G, we denote the set of all holes of G by H(G) and denote the number of holes of G by h(G). The chordal graphs (Roberts [17] ) and the family of graphs with exactly one hole (Cho and Kim [1] ) satisfy the inequality k(G) ≤ h(G) + 1. Based on these facts, Kim [6] conjectured that k(G) ≤ h(G) + 1 for a graph G and the following are the families of graphs which were found in efforts to answer the conjecture.
• G 1 = {G | h(G) = 2} (Lee, Kim, Kim, and Sano [10] ; Li and Chang [13] );
• G 2 = {G | all the holes of G are independent} (Li and Chang [12] );
• G 3 = {G | any two distinct holes of G are mutually edge-disjoint} (Kim, Lee, and Sano [7] );
where a hole C of a graph G is called independent if, for any hole C ′ of G other than C, the following two conditions hold:
Lee et al. [11] also studied on graphs having many holes but with small competition number. In this paper, we propose the dimension of its hole space as an upper bound for the competition number of a graph and show that the inequality holds for various families of graphs, including the graph families given above except those graphs having holes sharing edges. As a matter of fact, this bound equals the competition number for several interesting classes of graphs including the family of a nontrivial connected triangle-free graphs.
The hole space of a graph
Let F 2 be the finite field of order 2. We take a graph G and let F E(G) 2 denote the set of maps from E(G) to
once an edge labeling is given.) Then
Since a hole is a cycle, H(G) is a subspace of the cycle space C(G) of G. We call H(G) the hole space of G and dim H(G) the hole dimension of G.
Figure 1: A graph with more than two triangles and more than two holes.
For an illustration, consider the graph G given in Figure 1 . There are exactly three holes Since χ C1 = χ C2 + χ C3 and χ C2 , χ C3 are linearly independent, the hole dimension of G is 2. Figure 1 .
The competition number of the graph G in Figure 1 is 1 and the digraph D in Figure 2 is an acyclic digraph whose competition graph is G ∪ {a}.
('a vertex covers an edge' means that the vertex is a common out-neighbor of the ends of the edge);
Thus the vertices a, v 1 , v 2 , v 3 cover the edges of the cycle C 3 . Similarly we may check that the vertices v 2 , v 3 , v 4 , v 5 cover the edges of the cycle C 2 . This observation tells us that the assigned out-neighbors which cover the edges of C 2 and C 3 also cover the edges of the hole C 1 . It motivates us to introduce the notion of hole dimension by a desire to find a sharp upper bound for the competition number of a graph. As a matter of fact, we believe that any graph G satisfies the following inequality:
Graphs satisfying the inequality k(G) ≤ dim H(G) + 1
In this section, we show that the inequality k(G) ≤ dim H(G) + 1 holds for various families of graphs. In fact, the equality holds for a nontrivial connected triangle-free graph:
Proposition 1 stands out in sharp contrast to the fact that the competition number of a triangle-free graph can be much larger than the number of its holes. For example, the complete bipartite graph K n,n has the competition number n 2 − 2n + 2. The number of holes of K n,n is n 2
Kim and Roberts [9] showed that if G is connected and has exactly one triangle, then Two vectors representing two distinct holes of a graph are linearly independent. Thus, for a graph G with at most two holes, dim H(G) = h(G). Since a graph G with at most two holes satisfies the inequality k(G) ≤ h(G) + 1, the following proposition holds: Furthermore, vectors representing holes any pair of which are mutually edge-disjoint are linearly independent. Thus, the hole dimension of any graph in the family G 3 equals the number of its holes and so the following proposition holds: [8] 
Proposition 4. If G is a graph such that any two distinct holes of G are mutually edge-disjoint, then
k(G) ≤ dim H(G) + 1.
Remark 5. The hole dimension of a graph can be arbitrarily larger than its competition number. For example, the complete multipartite graph with m parts (m ≥ 2) each of which has size 2 has competition number 2 (see
In the following, we present another large class of graphs satisfying the inequality k(G) ≤ dim H(G) + 1. C be a cycle of a graph G. Then there exist cycles C 1 , . . . , C t such that, for each i = 1, . . . , t, C i is a triangle or a hole, V (C i ) ⊆ V (C), and χ C = t i=1 χ Ci . Proof. We shall prove the lemma by induction on the length of a cycle. If C has length 3, then C is a triangle and the lemma immediately follows. Now suppose that C has length at least 4. If C does not contain a chord, then C itself is a hole and the lemma follows. Suppose that C has a chord. Then we may take a chord uv such that the length of one of the (u, v)-sections of C is the minimum among the lengths of sections of C determined by each of its chords. Then the shorter (u, v)-section of C together with uv form a triangle or a hole of G. We denote it by C 1 . Then obviously V (C 1 ) ⊆ V (C). The longer (u, v)-section of C together with uv form a cycle C ′ with the length smaller than that of C. By the induction hypothesis, there exist cycles C 2 , . . . , C t such that, for each i = 2, . . . , t, C i is a triangle or hole, V (C i ) ⊆ V (C ′ ), and χ C ′ = t i=2 χ Ci . Now
Lemma 6. Let
Thus the lemma holds.
Theorem 7. Let G be a connected graph which has a connected spanning subgraph G ′ satisfying the following properties:
(a) G ′ contains all the triangles of G;
. Take an edge e ∈ E * . Since G ′ is connected, G ′ + e contains a cycle containing the edge e. Take a shortest cycle C e of G ′ + e containing e. From the choice, C e is a triangle or a hole in G ′ + e. By the property (a) and the fact that e ∈ E(G ′ ), C e must be a hole in G ′ + e. Since C e is a cycle in G, by Lemma 6,
where H * and T * are sets of holes and triangles of G, respectively. We will claim that T * = ∅ by contradiction. Suppose that T * = ∅. Let C be a triangle in T * . Then one, say e * , of the three edges of C is a chord of C e in G. By the property (a),
which contradicts the fact that C e is a hole in G ′ + e. Thus χ Ce = C∈H * χ C and so χ Ce ∈ H(G). Therefore, for each edge e ∈ E * , there exists a hole C e of G ′ + e such that C e ∈ H(G). Since e ′ ∈ E(C e ) for any e ′ ∈ E * \ {e} for each e ∈ E * , {χ Ce | e ∈ E * } is a linearly independent set and so |E * | ≤ dim H(G). By the property (b), k(G ′ ) = 1 and so there is an acyclic digraph
It is easy to check that D is acyclic and
Using Theorem 7, we will show that a connected graph G with at most three triangles satisfies the inequality k(G) ≤ dim H(G) + 1. We need the following two lemmas.
Lemma 8. Let G be a connected graph. For a forest F of G, there exists a spanning tree T of G such that E(F ) ⊆ E(T ).
Proof. We show by induction on the number of edges of a graph. For a connected graph G with |E(G)| ≤ 2, the lemma obviously holds. Suppose that for any connected graph with m (m ≥ 1) edges, the lemma is true. Take a connected graph G with m + 1 edges. Let F be a forest of G. If G is a tree, then G is a spanning tree  satisfying E(F ) ⊆ E(G) . Suppose that G is not a tree. Then there exists a cycle C of G. Since F does not contain a cycle, there exists an edge e ∈ E(C) such that e ∈ E(F ) and G − e is connected. Then F is a forest of G − e and by the induction hypothesis, there exists a spanning tree T of G − e such that E(F ) ⊆ E(T ). Since G − e is a connected spanning subgraph of G, T is also a spanning tree of G. Proof. Let G be a connected graph with at most three triangles. If G is triangle-free, then any spanning tree satisfies the properties given in Theorem 7. Suppose that G has at least one triangle. Let H be the subgraph of G induced by the edges of triangles of G. Then H is chordal. For, otherwise, there is a hole C of length at least four. Then each edge of C belongs to a triangle and any two distinct edges of C cannot belong to the same triangle. This contradicts the hypothesis that there are at most three triangles. On the other hand, for each triangle T , since there are at most two triangles other than T in G, there exists an edge e T not belonging to any other triangle. Now we delete e T from H for each triangle T of G. Then the resulting graph F is a forest since e T belongs to a unique induced cycle T in H for each triangle T .
By Lemma 8, there exists a spanning tree Q of G such that E(F ) ⊆ E(Q). Let G ′ be the graph obtained by adding the edge e T to Q for each triangle T . Obviously G ′ is a connected spanning subgraph of G containing all the triangles of G. To show that G ′ is chordal by contradiction, suppose that G ′ contains a hole C ′ . Then at least one edge of C ′ is e T for some triangle T . Replacing e T with the other two edges of T for each e T on C ′ results in a subgraph of Q since F contains the two edges of T other than e T for each triangle T . However, each vertex of this subgraph has degree at least 2 in this subgraph and so contains a cycle in Q. This contradicts the fact that Q is a tree. Hence k(G ′ ) = 1.
By Theorem 7 and Lemma 9, the following theorem holds: Proof. Take a graph G ∈ G 4 . Then for every hole C of G, there exists e C ∈ E(G) such that e C is not contained in any other induced cycle of G. Now let
Since only edges are deleted, G ′ is a spanning subgraph of G. To show that G ′ is connected by contradiction, suppose that G ′ is not connected. Then {e C | C ∈ H(G)} contains an edge cut F of G. Take an e C * = uv ∈ F . Then (E(C * ) \ {e C * }) ∩ E(G ′ ) contains an edge e * ∈ F \ {e C * } since u and v belong to different components of G ′ . Since e * ∈ F \ {e C * } ⊆ {e C | C ∈ H(G)} \ {e C * }, e * = e C ′ for a hole C ′ distinct from C * . Then e C ′ belongs to both C * and C ′ , which contradicts the choice of e C ′ . For each hole C, e C is not contained in any triangle of G. Thus G ′ contains all the triangles of G and so G ′ satisfies the property (a).
To show that G ′ is chordal by contradiction, suppose that there exists a hole C of G ′ . Then C is not a hole of G by the definition of G ′ . Thus C contains a chord e C ′ = uv for some hole C ′ of G. Then the cycle formed by a (u, v)-section of C ′ and e C ′ contains an induced cycle of G containing e C ′ by Lemma 6, which contradicts the choice of e C ′ . Thus G ′ satisfies the property (b).
It is worth noting that even if a graph has a connected spanning subgraph satisfying the properties given in Theorem 7, it may not belong to G 4 (see the graph given in Figure 3) . By Theorem 7 and Lemma 11, the following proposition holds:
Proposition 12. For any connected graph G in G 4 , k(G) ≤ dim H(G) + 1. Figure 3 : G does not belong to G 4 while G has a connected spanning subgraph satisfying the properties given in Theorem 7.
G

